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Locally efficient estimation
when death is reported with
delay

Causal Inference
Fall 2006

Description

 CDC and California State Office of AIDS collect data
on date of AIDS diagnosis.

 This data set is cross-referenced with hospital
registry data on mortality.

 The result is data with some demographic variables,
a little direct health information (CD4 count for some)
and date of death for some subjects.

 Goal:  Want to estimate survival by cohorts (year of
diagnosis) to see trends in survival over time.
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Problem

 If date of death was recorded in the data
instantaneously, then this is simply right-censored
data with covariates where the censoring time is time
of analysis.

 However, there is a delay, sometimes substantial,
between the date of death and the date of death
report.

 This means for some subjects in the data, you will
not know, at the time of analysis, if they have died
before or are still alive.

Data Structure

 Let T be the failure time of interest, e.g., time from
AIDS diagnosis to death.

 Let C be censoring time, e.g., time from AIDS
diagnosis to date of data collection.

 Let V be the time of failure reporting, e.g., time at
which death of subject is reported.

 Let X(u) be =[W,R(u),R(u)*I(T !  t)], where R(u)=I(V!
u) and W is a vector of baseline covariates.

 µ = F(t)=P(T! t).
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Data Structure, cont.

 Full Data is:

 Observed data is:

 Note, this is the same as the right-censoring data
structure.
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Ignoring Delay

 If one ignores delay and treats the time of analysis
as the censoring time say by performing Kaplan-
Meier on the data:

   then some subjects will be treated as if T > C when
in fact, V>C and T < C.

 Thus, the Kaplan-Meier estimator for F(t)=I(T !  t) will
be biased low (or S(t) biased high).
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Mapping Full Data Estimating Function
into Missing Data

 Full Data: X=(T,V,W (maybe))
 Full data estimating function for S(t):

     leads to estimator:

 IPCW mapping:  multiply the estimating function by the
indicator of non-missingness and divide by the probability of
non-missingness given the full data:
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Assumptions

 We need two identifiability assumptions on censoring
for the estimators.

 G(c|X)!  P(C<c|X)=G(c|W) (1) - CAR

           ,  FX almost everywhere

    where                                     .

 (2) implies that, given V,  there has to be positive
probability C > V if I(T! t).
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Why does the estimator work?

 The nonparametric full-data estimating equation is:

I(T! t) - µ

 Use the same, old IPCW trick
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IPCW Estimator, no W.

 This leads to the following estimator:

   where              is the Kaplan-Meier estimator of the
censoring distribution based on n observations of:

                                                    ,

    and V now plays the role of the censoring variable.

 If there is no delay (so V=T), then (3) reduces to the
Kaplan-Meier estimator.
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IPCW is Efficient if no W.

 Like the Kaplan-Meier estimator, this IPCW estimator
(in absence of covariates) is efficient.

 Heuristic proof is that if G is estimated efficiently
assuming only CAR, then the IPCW estimator is
efficient.

 In this case, the Kaplan-Meier is the NPMLE
estimator of censoring assumes only CAR
[G(c|X)=G(c)].

 More detailed proof in paper.

Inference - Influence curve

 Robins and Rotnizky (1992) show that the influence curve for the
IPCW estimator is:

        IC(Y | FX,F(t),G)=IC0(Y | F(t),G) - " {IC0(Y | F(t),G)|T2},

    where T2 is the tangent space for the estimating model for G(.):

and T2 is the tangent space of the scores for estimation of G
under independent censoring.

 Robins (1996) showed that T2 for Kaplan-Meier is:
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Inference - Influence curve

 What this means in practice is that for right-censored data where
one is estimating the missingness mechanism using Kaplan-
Meier:

    where

                              is the hazard of censoring
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Estimating the influence curve

 The influence curve for the IPCW estimator is:

    where

 This can be estimated as:

! >+"
#$

=
)(
)(

)
~

|()(
)(
)(

)),(,|(
uG

udM
uTtFtF

VG

tTI
GtFFYIC X

! >"#0)=$%= )
~

()(,()( uTIduduCIudM C

)(
)(

)
~

|(

)(
)

~
|()1(

)(
)(
)(

)),(,|(

~

,

jn

jn

iTju

jn

in

ini
n

in

ii
nnnXi

uG
u

uTtF

CG
CTtF

tF
VG
tTI

GtFFYIC

!"
<

>#

>$#
+#

$%
=



8

Estimating the influence curve

 Finally, estimate                     be repeating the IPCW
sample for each censoring time (u) using only those
subjects for which          .

 The variance of the IPCW estimator can be estimated
as:

 Of course, this whole procedure is typically repeated
for many t.
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Simulation

 Simulation chosen to mimic the actual data.

 ta is the chronological time of analysis (fixed)

 Chronological time of AIDS diagnosis follows a
uniform distribution

 Time of death, T, comes from an exponential
distribution.

 V=T+U, U~min(C0,Q), Q~ exponential.

 C is time of diagnosis to time of analysis (known for all
subjects).



9

Simulation, cont.
 Two situations chosen

A) substantial delay but not much censoring
B) substantial delay and censoring.

Simulation B - 95% CIÕs
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Data Analysis

 Diagnoses AIDS subjects from all California counties,
for this data ranges from 10/87 to 3/97.

 AIDS is defined as P. carinii dx date.

 Cross-referenced to get date of death.

 Look at survival from three cohorts:

1) early 10/87-3/88
2) mid 4/88-12/92
3) late 1/93-3/97

Results
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Estimated 10% quantile by cohort
(defined by quarter of dx)
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Long Delays

 For more recent cohorts, there is the real possibility
that the delay in reporting will be much greater than
the censoring support.

 Because chronological censoring time is fixed in this
case, it is easy to define the maximum possible
censoring time, say " .

 If there is a chance of having T < t but V > ", then the
IPCW estimator is no longer consistent.

so,
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Long Delays, cont.

 Note:

    so if one knew (or could estimate) P(V < " | # !  t),
then consistent estimation could be salvaged.

 In the AIDS survival case, earlier cohorts can be used
to estimate this probability for later cohorts (assuming
reporting mechanism does not change over time).
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Simulation B again with p =
probability of very long delays.


